Abstract. We consider a right coherent ring R. We prove that the class of Gorenstein flat complexes is covering in the category of complexes of left R-modules Ch(R). When R is also left n-perfect, we prove that the class of Gorenstein projective complexes is special precovering in Ch(R).
introduction
Gorenstein homological algebra is the relative version of homological algebra that uses Gorenstein projective, Gorenstein flat and Gorenstein injective modules instead of the classical projective, flat, and injective modules. But while the classical projective and injective resolutions are known to exist over arbitrary rings, things are different when it comes to the existence of the Gorenstein projective and Gorenstein injective resolutions. Their existence is well known over Gorenstein rings. But for arbitrary rings this is still an open question. We focus on the existence of the Gorenstein projective precovers. So far the existence of Gorenstein projective precovers is known over commutative noetherian rings of finite Krull dimension ( [12] ). In fact, over such rings, the class of Gorenstein projective modules is special precovering ( [3] ). We prove (Proposition 6) that if R is a right coherent ring that is also left n-perfect then the class of Gorenstein projective complexes is special precovering in the category Ch(R). In particular, every left R-module M has a special Gorenstein projective precover in this case. Examples of such rings include but are not limited to: Gorenstein rings, commutative noetherian rings of finite Krull dimension, as well as two sided noetherian rings R such that inj.dim R R < ∞. We also consider the question of the existence of the Gorenstein flat 2010 Mathematics Subject Classification. 18G10, 18G25, 18G35. key words: Gorenstein flat module, Gorenstein flat complex, Gorenstein flat cover, Gorenstein projective module, Gorenstein projective complex, Gorenstein projective precover. covers for complexes. It has been proved recently ( [15] ) that the class of Gorenstein flat modules is precovering over any asoociative ring with unity. However when it comes to complexes of modules, the best result is the following: If R is a two sided noetherian ring then every complex of R-modules has a Gorenstein flat cover ( [3] ). We show here (Proposition 4) that the class of Gorenstein flat complexes is covering over any right coherent ring R.
preliminaries
Throughout this section R denotes an associative ring with unity. 
We will use the notation GP for the class of Gorenstein projective modules.
By replacing "projective module" with "projective complex" in the above definition, we obtain the definition of a Gorenstein projective complex in the category of complexes of left R-modules, Ch(R). We recall that a complex P is projective if P is exact and if each Z n (P ) is a projective module. It is known ( [13] ) that over any ring R a complex C is Gorenstein projective if and only if each C n is a Gorenstein projective R-module.
The Gorenstein flat modules are defined in terms of the tensor product. 
We will use the notation GF for the class of Gorenstein flat modules.
The Gorenstein flat complexes were defined in [5] . We recall that if C is a complex of right R-modules and D is a complex of left R-modules then the usual tensor product complex of C and D is the complex of
In [5] , García Rozas introduced another tensor product: if C is again a complex of right R-modules and D is a complex of left R-modules then C ⊗ D is defined to be
. Then with the maps
x ⊗ y → δ C (x) ⊗ y, where x ⊗ y is used to denote the coset in
we get a complex. This is the tensor product used to define Gorenstein flat complexes. We recall that a compex F is flat if F is exact and Z n (F ) is a flat module for any integer n. 
It is known ( [14] ) that over a right coherent ring R, a complex G is Gorenstein flat if and only if each module G n is Gorenstein flat.
Gorenstein flat covers for complexes
We prove first that we have a Neeman's type result for Gorenstein flat modules. We will use the following results:
.10) For any ring R the class of Gorenstein flat complexes is a Kaplansky class.

Proposition 2. ([6], Cor. 2.1.9) If R is a right coherent ring then the class of Gorenstein flat left R-modules is closed under direct limits.
We will use the notation Ch(GF ) for the class of complexes of Gorenstein flat left R-modules.
Our first result is:
Proof. By Propositions 1 and 2, the cotorsion pair (GF , GF ⊥ ) is cogenerated by a set. Then by [7] , Th. 7.2.14, the pair (Ch(GF ), Ch(GF) ⊥ ) is a cotorsion pair cogenerated by a set. Then again by [7] , Th. 5.1.7, the inclusion functor K(GF ) → K(R) has a right adjoint.
We show that if R is a right coherent ring then the class of Gorenstein flat complexes (of left R-modules) is covering in Ch(R).
Proposition 4. Let R be a right coherent ring. Then every complex of left R-modules has a Gorenstein flat cover.
Proof. Since the cotorsion pair (Ch(GF ), Ch(GF) ⊥ ) is cogenerated by a set, it is a complete one. So the class Ch(GF ) is precovering. By Proposition 2, this class is also closed under direct limits, and therefore it is a covering class in Ch(R). By [14] Prop. 3.2, this is the class of Gorenstein flat complexes.
Gorenstein projective (pre)covers
We recall that a ring R is left n-perfect if for any flat left R-module F , p.d. R F ≤ n. We also recall that the character module of a left R-module M is the right R-module
In the following we use the notation F lat ++ for the class of all left R-modules of the form C ++ , where C is any flat left R-module.
We prove that the class of Gorenstein projective modules is special precovering over a right coherent ring R that is left n-perfect. We begin with the following: Lemma 1. Let R be a right coherent ring that is left n-perfect and let F be a flat left R-module. Then there exists an exact sequence 
with each S i in F lat ++ and with each
n−2 ) = 0 for all j ≥ 1 and for any flat module K. In particular we have that Ext 1 (C n−1 , C n−2 ) = 0. This means that the exact sequence 0 → C n−2 → S n−1 → C n−1 → 0 is split exact. Thus C n−1 is a direct summand of S n−1 ∈ F lat ++ and so C = C n−1 is pure injective. Proof. Let F be a flat and cotorsion R-module. By Lemma 1 there is an exact complex 0
++ for all i and with C a pure injective module. Also, by the proof of Lemma 1, C is a direct summand of S n−1 . 
n−1 is a direct summand of S n−1 ∈ F lat ++ , and Ext i (G, S n−1 ) = 0 for all i. It follows that Ext i (G, C) = 0 for all i ≥ 1. Thus Ext i+n (G, F ) = 0 for any i ≥ 1, for any flat R-module F and for any Gorenstein flat R-module G.
Since G is a Gorenstein flat R-module, there is an exact complex 0 → G → F 0 → F 1 → . . . with each F l flat and with each
for any flat and cotorsion module F , for all i ≥ 1.
We recall that an exact complex C of flat R-modules is N-totally acyclic if E ⊗ C is still exact for any injective R-module E. In particular, if C is N-totally acyclic then for each integer n, Z n (C) is Gorenstein flat. We recall that an exact complex C of projective modules is called totally acyclic if Hom(C, P ) is exact for any projective module P .
Lemma 3. Let R be a right coherent ring that is left n-perfect. If C is an N-totally acyclic complex of projective modules, then C is
Corollary 1. Let R be a right coherent ring that is left n-perfect. Then any N-totally acyclic complex of projective modules is totally acyclic
Proof. By Lemma 3, for any N-totally acyclic complex of projective modules, C, the complex Hom(C, P ) is still exact, for any projective module P . It follows that C is totally acyclic.
Proposition 5. Let R be a right coherent ring. If R is left n-perfect then every Gorenstein flat R-module M has Gorenstein projective dimension less than or equal to n.
Proof. Since M is Gorenstein flat there is an exact and Inj
Since F is Inj ⊗ − exact and each P k is a projective complex, it follows that C is exact and Inj ⊗ − exact. For each i we have an exact complex 0 → C i → P i,n−1 → P i,n−2 → . . . → P i,0 → F i → 0 with P i,k ∈ P roj. Since the projective dimension of F i is less than or equal to n, it follows that each C i is projective. So C is an exact and Inj ⊗ − exact complex of projective modules. By Lemma 3, C is totally acyclic. Then Z j (C) is Gorenstein projective for each j. The exact sequence of exact complexes 0 → C → P n−1 → . . . → P 0 → F → 0 gives an exact sequence of modules 0 → Z j (C) → Z j (P n−1 ) → . . . → Z j (F ) → 0. By the above each Z j (C) is Gorenstein projective. Since each P i is a projective complex, it follows that Z j (P i ) is a projective module for all j. So for each j, Z j (F ) has Gorenstein projective dimension less than or equal to n. In particular, G.p.d.M ≤ n.
We can prove now the existence of special Gorenstein projective precovers over a right coherent and left perfect ring R. We recall that (by [2] , Proposition 3.7), if R is right coherent and any flat R-module has finite projective dimension, then any Gorenstein projective module is also Gorenstein flat. Then by [13] and by [14] , over a right coherent ring that is also left n-perfect, every Gorenstein projective complex is also a Gorenstein flat complex. We use the notation GorP roj for the class of Gorenstein projective complexes and we denote by GorF lat the class of Gorenstein flat complexes.
Proposition 6. Let R be a right coherent ring. If R is left n-perfect then the class of Gorenstein projective complexes is special precovering.
Proof. -We show first that every Gorenstein flat complex G has a special Gorenstein projective precover.
be a partial projective resolution of G. Then for each j we have an exact sequence of modules
Since Gpd G j ≤ n (by Proposition 5) it follows that each G j is Gorenstein projective. Thus G is a Gorenstein projective complex (by [13] , Theorem 2.2). So there exists an exact and Hom(−, P roj) exact complex of projective complexes
. Then T is a Gorenstein projective complex, and we have a commutative diagram:
Therefore we have an exact sequence:
Let V = Kerδ. Then V has finite projective dimension, so Ext 1 (W, V ) = 0 for any Gorenstein projective complex W . We have an exact sequence 0 → V → P 0 ⊕ T → G → 0 with P 0 ⊕ T Gorenstein projective and with V of finite projective dimension. Thus P 0 ⊕ T → G is a special Gorenstein projective precover.
-We prove now that every complex X has a special Gorenstein projective precover. Proof. Consider a left R-module M and let M denote the complex with M in the zeroth place and zeros everywhere else. By Proposition 6 there exists an exact sequence 0 → L → P → M → 0 with P a Gorenstein projective complex, and with L ∈ GorP roj ⊥ . In particular there is an exact sequence of modules 0 → L 0 → P 0 → M → 0 with P 0 a Gorenstein projective module (by [13] ). We show that L 0 ∈ GP ⊥ . Let G be any Gorenstein projective left R-module and let G = . . . → 0 → G → G → 0 → . . . be the complex where the two G's are in the first and zeroth place and with the map G → G the identity map. By [13] G is a Gorenstein projective complex; by Proposition 6, we have that Ext 1 (G, L) = 0. By [7] , Proposition 2.1.3, Ext 1 (G, L 0 ) = 0. Thus P 0 → M is a special Gorenstein projective precover. Proof. Let X ∈ ⊥ (GP ⊥ ). By Proposition 6, there exists an exact sequence 0 → M → P → X → 0 with P Gorenstein projective and with M ∈ GP ⊥ . But then Ext 1 (X, M) = 0, so P ≃ M ⊕ X, and therefore X is Gorenstein projective. So (GP, GP ⊥ ) is a cotorsion pair. By Corollary 2, the pair (GP, GP ⊥ ) is complete. The pair (GP, GP ⊥ ) is hereditary because the class of Gorenstein projective modules is closed under kernels of epimorphisms.
We recall that if R is a left noetherian ring such that i.d. R R ≤ n then by [6] , Proposition 9.1.2, R is left n-perfect.
By the above we obtain: 
